Degradable quantum channels are an important class of completely positive trace-preserving maps. Among other properties, they offer a single-letter formula for the quantum and the private classical capacity and are characterized by the fact that the complementary channel can be obtained from the channel by applying a degrading map. In this work we introduce the concept of approximate degradable channels, which satisfy this condition up to some finite ε ≥ 0. That is, there exists a degrading map which upon composition with the channel is εclose in the diamond norm to the complementary channel. We show that for any fixed channel the smallest such ε can be efficiently determined via a semidefinite program. Moreover, these approximate degradable channels also approximately inherit all other properties of degradable channels. As an application, we derive improved upper bounds to the quantum and private classical capacity for certain channels of interest in quantum communication.
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I. INTRODUCTION
The highest rate at which quantum information can be transmitted asymptotically reliably per channel use is called quantum capacity. The private classical capacity of a quantum channel characterizes the highest possible rate at which classical information that can be transmitted asymptotically reliably per channel use such that no information about the message leaks to the environment. Both of these quantities are mathematically characterized by a multi-letter expression, using regularization, that is complicated to compute. In general, it is even difficult to derive good upper and lower bounds that can be evaluated efficiently for the two capacities.
For degradable channels, which are characterized by the feature that the complementary channel can be written as decomposition of the main channel followed by a degrading map, the channel coherent and private classical information are additive and coincide. As a result, the regularized expressions describing the quantum and private classical capacity reduce to the same single-letter formula for degradable channels [1] , [2] . This simplifies the task of computing the capacity enormously and it happens that for some degradable channels the two capacities can be computed analytically.
Degradable channels form an important class of channels for which, thanks to the induced additivity properties, there is a good understanding of their quantum and private classical capacity. At the same time, the notion of a degradable channel seems to be fragile as a degradable channel with a tiny perturbation might not be degradable anymore. Furthermore, it is unknown whether such a channel is close to a degradable channel or not. In this article, we introduce a robust generalization of the concept of a degradable channel. We call a channel ε-degradable if the degradability condition with respect to the diamond norm is satisfied up to some ε ≥ 0. 1 We show that these ε-degradable channels approximately inherit all the desirable properties that degradable channels have such as additivity of the channel coherent and channel private information. We further show that for an arbitrary channel, the smallest ε ≥ 0 such that the channel is ε-degradable can be efficiently computed via a semidefinite program. This offers a universal method to efficiently compute upper bounds to the quantum and private classical capacity that, for a lot of channels, outperform the best currently known upper bounds.
Structure.-The remainder of this article is structured as follows. Section II introduces a few preliminary results and gives an overview about what is known for degradable channels. Section III presents the main contribution which is a definition of approximate degradable channels that approximately inherits all the desirable properties degradable channels have. We call a channel ε-degradable if the degradability condition with respect to the diamond norm is satisfied up to some ε ≥ 0. It is shown that for an arbitrary channel the smallest possible ε such that the channel is ε-degradable can be computationally efficiently via a semidefinite program. Section IV shows how the concept of approximate degradable channels can be used to derive powerful upper bounds to the quantum and private classical capacity. In Section V we discuss some examples and show that the upper bounds based on approximate degradable channels can outperform the best currently known upper bounds. In our approach a channel is called ε-degradable if the degradability condition is approximately (up to some ε) satisfied. Another possibility would be to define an approximate degradable channel via its distance to a degradable channel. In [3] we comment on this alternative definition of approximate degradable channels and discuss how the two different approaches are related. As we will see, defining approximate degradable channels as channels that are approximately degradable (as done in Section III) leads to a more natural and also more useful concept of approximate degradable channels than defining them by being close to a degradable channel.
II. PRELIMINARIES
Notation.-The logarithm with basis 2 is denoted by log(·) and the natural logarithm by ln(·). For k ∈ N, let 
Then an equivalent characterization to the coherent information defined in (2) 
For a matrix A, B ∈ C m×n , we denote the Frobenius inner product by A, B F := tr A † B and the induced Frobenius norm by A F := A, A F . The trace norm is defined as
· tr denotes the trace norm for resources which is defined as Φ tr := max ρ∈D(HA) Φ(ρ) tr . We denote the standard n−simplex by ∆ n := {x ∈ R n :
Quantum channels.-A completely positive tracepreserving map Φ : S(H A ) → S(H B ) can be represented in different ways. Stinespring's representation theorem [4] ensures that every quantum channel Φ :
Let n A := dim H A and n B := dim H B denote the input respectively output dimension of the quantum channel and suppose the environment has dimension n E := dim H E . Other possible representations of cptp maps are discussed in [3] .
An important class of cptp maps with beneficial properties are the so-called degradable and anti-degradable channels that has been introduced in [1] .
Definition 1 (Degradable and anti-degradable channels). A channel Φ : S(H
Quantum and private classical capacity.-The highest rate at which quantum information can be transmitted asymptotically reliable per channel use is called quantum capacity and is mathematically characterized by the celebrated LSD formula [5] , [6] , [7] Q(Φ) = lim
with
where I c (ρ, Φ) denotes the coherent information, Q (1) (Φ) is called channel coherent information, and Φ c is the complementary channel to Φ. Due to the regularization in (1), the quantum capacity is difficult to compute. As a consequence, it is of interest to derive close lower and upper bounds to
is valid for every channel Φ, i.e., the channel coherent information is always a lower bound for the quantum capacity. However in general, this lower bound is not tight, i.e., there exist channels Φ such that Q (1) (Φ) < Q(Φ) [8] , [9] . To derive generic upper bounds for the quantum capacity that can be computed efficiently turns out to be difficult. Beside a few channel specific techniques [10] , [11] , [12] that will be discussed in Section IV, generic upper bounds have been introduced based on a no-cloning argument [13] , [14] , [15] or semidefinite programming bounds [16] , [17] . However, none of these generic upper bounds is expected to be particularly tight as explained in [12] . It is thus fair to say that the quantum capacity is still poorly understood in general -even for very low-dimensional channels. For degradable channels it has been shown that the channel coherent information is additivie, i.e., that Q(Φ) = Q (1) (Φ) [1] . In general for a given channel Φ, the function ρ → I c (ρ, Φ) is not concave which complicates the task of computing Q (1) (Φ) defined in (2) . However, Φ being degradable implies that ρ → I c (ρ, Φ) is concave [18, Lem. 5] and as such Q (1) (Φ), and hence Q(Φ), is characterized via a finite-dimensional convex optimization problem. We also note that due to a no-cloning argument, anti-degradable channels must have a zero quantum capacity, i.e., Q(Φ) = 0 [19] . The private classical capacity of a quantum channel characterizes the highest possible rate at which classical information that can be transmitted asymptotically reliably per channel use such that no information about the message leaks to the environment. It is mathematically characterized by the regularized private channel information [7] , [20] , i.e.,
with channel private information
Similar as for the quantum capacity, the regularization arising in (3) complicates the task of evaluating the private classical capacity and the channel private information P (1) (Φ) is always a lower bound to P (Φ) which however in general is not tight [21] . Finding generic upper bounds to the private classical capacity again turns out to be difficult. For degradable channels it has been shown that P (1) (Φ) = P (Φ), whereas for antidegradable channels P (Φ) = 0 holds [2] . There is a close connection between the quantum capacity and the private classical capacity of a quantum channel. Since fully quantum communication is necessarily private, Q(Φ) ≤ P (Φ) for every channel Φ. It can be further shown that Q (1) (Φ) ≤ P (1) (Φ) for all channels Φ [22, Thm. 12.6.3]. For degradable channels we have Q(Φ) = Q (1) (Φ) = P (1) (Φ) = P (Φ) [1] , [2] and for anti-degradable channels it has been shown that Q(Φ) = P (Φ) = 0 [19] , [2] .
In Section III we introduce a notion of approximate degradable channels based on the idea to call a channel ε-degradable if the degradability condition is approximately satisfied (cf. Definition 2). We note that a possible alternative characterization of approximate degradable channels is to denote a channel ε-close-degradable if it is close to a degradable channel. Within this paper, we will focus on the first definition of approximate degradable channels. The latter approach is discussed in [3] were we also mention major differences between these two definitions of approximate degradable channels which will justify why we favor ε-degradable channels over ε-close-degradable channels.
III. APPROXIMATE DEGRADABLE CHANNELS
In this section we precisely define the concept of an approximate degradable channel. As stated in Definition 2 below, we call a channel ε-degradable if the degradability condition is approximately satisfied (up to some ε). Theorem 1 then shows that the desirable additivity properties degradable channels have are approximately inherited by ε-degradable channels. Proposition 2 shows that the smallest possible ε such that an arbitrary channel is ε-degradable can be efficiently computed via a semidefinite program. Finally we show that in the same spirit we can also define ε-anti-degradable channels (as done in Definition 3) which approximately inherit the properties of anti-degradable channels (cf. Theorem 3).
Definition 2 (ε-degradable). A channel Φ : S(H A ) → S(H B )
is said to be ε-degradable if there exists a channel Ξ :
By Definition 2, every channel is ε-degradable for some ε ∈ [0, 2]. The following theorem ensures that ε-degradable channels inherit the desirable additivity properties of the channel coherent and the channel private information that degradable channels offer, up to an error term that vanishes in the limit ε → 0.
Theorem 1 (Properties of ε-degradable channels). Let Φ :
Proof: The full proof can be found in [3] . The main idea is to follow the proofs for the corresponding statements for degradable channels (cf. [1] , [2] ) and generalize them using the definition of ε-degradable channels.
By Definition 2 it can be verified immediately that if a channel Φ is ε-degradable it is also ε -degradable for all ε ≥ ε. The smallest possible parameter ε such that Φ is εdegradable is given by
Proposition 2. The optimization problem (4) can be expressed as a semidefinite program.
Proof: The full proof is given in [3] . The main idea is to make use of Watrous' result that for two channels the diamond norm of their difference can be expressed as a semidefinite program [23] .
Semidefinite programs (SDPs) can be solved efficiently, i.e., in time that is polynomial in the program description size [24] . We note that nowadays there exist several different algorithms that in practice solve SDPs very efficiently. A good overview can be found, e.g., in [25] , [26] . Therefore, for an arbitrary channel Φ its parameter ε Φ (given in (4)) that defines how close it is to being degradable can be evaluated efficiently.
Remark 1 (Universal bounds on maximal additivity violation). By definition every channel is
We note that these universal bounds do not depend on n B which is remarkable. We would also like to remark that the constants above are certainly not optimal and may be improved easily.
The conceptual idea we used above to derive upper bounds on the quantum and the private classical capacity is that a channel that is close to being degradable should have a channel coherent and channel private information that is nearly additive. The same idea can be applied to approximate antidegradable channels.
Definition 3 (ε-anti-degradable). A channel Φ : S(H
Theorem 3 (Properties of ε-anti-degradable channels). Let Φ : S(H A ) → S(H B ) be a quantum channel that is ε-antidegradable with n B := dim H B . Then,
Proof: See [3] . Similar as for ε-degradable channels, given a channel Φ :
which defines the smallest possible parameter ε such that the channel Φ is ε-anti-degradable. Following the proof of Proposition 2 shows that (5) can be also phrased as an SDP. Theorem 3 can be rewritten as
IV. UPPER BOUNDS VIA CONVEX DECOMPOSITIONS OF

CHANNELS
In this section we show how to combine the concept of ε-degradable channels with a standard technique to derive upper bounds to the quantum capacity that is based on the idea of decomposing an arbitrary channel Φ into a convex sum of approximate degradable channels. The main result of this section is Proposition 4 which offers a different method to derive upper bounds to the quantum capacity that (as discussed in Section V) can outperform the bound given by Theorem 1 and all previously known upper bounds to the quantum capacity.
It has been shown that for an arbitrary quantum channel Φ the mapping Φ → Q(Φ) is convex if Φ is (anti-)degradable [10] . Therefore, if a channel Φ can be written as a convex combination of (anti-)degradable channels, i.e., Φ =
which describes a singleletter upper bound to the quantum capacity of Φ that can be powerful as demonstrated in [11] , [12] . A drawback of this technique is that it is channel specific, i.e., the convex decomposition into degradable channels has to be reconstructed by scratch for every different channel. In addition, for an arbitrary channel, it is unclear how to efficiently find a convex decomposition of degradable channels -even worse it is highly questionable if this is even possible in general. The extreme points of the set of all qubit channels have been shown to be degradable or anti-degradable channels [10] , [27] and therefore for qubit channels a convex decomposition into (anti-)degradable channels does exits, even if it might be difficult to find. However, a characterization of the extreme points of quantum channels with an input dimension larger than two is unknown [28] and as such there is no reason to believe that an arbitrary quantum channel can be written as a convex combination of (anti-)degradable channels.
Since the set of all cptp maps is convex and since every quantum channel is ε-degradable -although not necessarily with respect to a small ε -each quantum channel can be written as a convex combination of approximate degradable channels. The following proposition shows how this observation can be used to derive upper bounds for the quantum capacity based on the idea of decomposing a channel into a convex combination of ε-degradable channels.
Proposition 4 (Convex combinations of approximate degradable channels). Let n ∈ N, p ∈ ∆ n and {Φ i :
In the same spirit as Proposition 4 gives an upper bound to the quantum capacity via a convex combination of approximate degradable channels, a similar result can be established for a convex combination of approximate anti-degradable channels. In [3] it is discussed how Proposition 4 can be used to derive a powerful upper bound for the example of a depolarizing channel.
V. APPLICATIONS
In this section we illustrate the performance of the bounds derived in the previous sections that are based on the concept of approximate degradable channels for the example of a depolarizing channel. More examples are discussed in [3] . We recall that the upper bounds for the quantum and the private classical capacity derived in Sections III and IV are valid for arbitrary channels Φ. As the parameter ε Φ given in (4) is described via an SDP, it can be evaluated efficiently for every possible channel. Thus our upper bounds can be immediately applied and efficiently evaluated for arbitrary channels, whereas most previous upper bounds rely on channel specific constructions which can be different for each channel and are usually difficult to find [12] , [11] .
Consider a depolarizing channel Φ :
Its channel coherent information can be computed as [22, p. 575 ]
As far as we know, the currently best upper bound to Q(Φ) for the depolarizing channels has been derived in [11] and for small values of p coincides with 1 − H b (p) which is a upper bound on Q(Φ) that has been derived in [17] , [12] and is explained below. Figure 1 compares the new upper bound given by Theorem 1, for ε Φ as in (4), with the best previously known upper bound in the low noise regime, i.e., for small values of p. In [3] we discuss how Proposition 4 can be used to derive an upper bound on the quantum capacity that is better than 1 − H b (p).
VI. DISCUSSION
We have seen that the concept of degradable channels can be generalized to the more robust notion of approximate degradable channels such that the beneficial additivity properties degradable channels offer are approximately preserved. As it can be efficiently determined how close in the diamond norm an arbitrary channel satisfies the degradability condition (by solving an SDP), the framework of approximate degradable channels can be used to derive upper bounds to the quantum and private classical capacity that can be evaluated efficiently. Unlike previous attempts to derive upper bounds, our method does not rely on channel specific arguments and therefore can be applied to all channels.
The concept of approximate degradable channels could also be useful in classical information theory. We note that up to some extent, the current understanding about the capacity region of a classical broadcast channel is comparable to the The channel coherent information given in (6) denotes a lower bound on Q(Φ) (cf. solid green curve). The dashed blue curve denotes an upper bound on Q(Φ) that has been derived in [17] . The dotted red line depicts the upper bound given by Theorem 1 with ε Φ as given in (4). knowledge about the quantum and private classical capacity -no single-letter formula is known, except in the case of a degradable broadcast channel [29] . As such it could be promising to apply the framework of approximate degradable quantum channels, introduced in this article, to classical broadcast channels.
